Abstmct-This paper is concerned with the problems of finite horizon H, filtering, prediction and fixed-lag smoothing for linear continuous-time systems with multiple delays. By applying an innoration approach in Krein space, a necessary and sufficient condition fur the existence of an H, filter, predictor or smoother is derived. The estimator is given in terms of the solution of a partial differential equation with boundary conditions. The innovation approach in Krein space enables us to convert the very complicated deterministic estimation problem into a stochastic one to which a simple Hz innovation analysis method can be adapted. The result of this paper demonstrates that the Krein space approach is powerful in solving otherwbe yery complicated H, problems. Our result is in contrast with many recent sufficient conditions fur H, filtering of delay systems.
I. INTRODUCTION
Linear estimation has important applications in many fields of science and engineering and has attracted significant interest in the past 50 years; see, e.g. [6] , [ll] , [16] , [lo] . It is usually classified based on the performance criterion under which the estimation problem is addressed. H, estimation has gained popularity in the past decades [17] , [19] which is to find a linear estimator such that the energy gain between the noise inputs and the estimation error is less than a prescribed level. As compared to the minimum variance estimation, the H , filter does not require the knowledge of the statistics of noise signals. In addition, an H, filter is also less sensitive than the H2 counterpart to uncenainty in system parameters [19] .
The. H, filtering problem for continuous-time systems has been addressed in [17] and the solution is given in terms of the existence of a hounded solution to a Riccati differential equation. Recently, the H , prediction and fixedla& smoothing problems for linear continuous-time systems without delays were investigated in [21] . For linear timeinvariant systems with state delays, a sufficient condition has been given in [5] for the H, filtering in the infinite horizon case using a linear matrix inequality (LMI) approach. For time-varying systems with delayed measurement, the H, filtering has been addressed in [18] which gives a sufficient condition in terms of a Riccati differential equation in the finite horizon case and an algebraic Riccati equation in the infinite horizon case.
In this paper we consider linear time-varying systems with known delays in both the state and output equations. The problem to he investigated is the design of an estimator such that a given H , performance is achieved in the finite horizon case. We first discuss the H , fixed-lag smoothing problem.
By converting it into an indefinite quadratic optimization problem, an innovation approach in Krein space [7] is proposed to give a necessary and sufficient condition for the existence of an H, smoother in terms of a hounded solution of a Riccati type of partial differential equation. A smoother is then constructed. The case of filtering is in fact a special case of the smoothing. It can be seen from the derivation of the result that the Krein space innovation approach is very powerful in dealing with complicated problems like the H, fixed-lag smoothing problem for delay systems. Our result can be considered as the H, counterpart of the H2 result in [13] even though a different derivation method is applied. We funher show that the H , prediction problem can be approached in a similar way and hence a necessary and sufficient condition is obtained. As special cases, solutions to the H, fixed-lag smoothing and prediction for systems without delays are also given.
PROBLEM STATEMENTS
We consider the linear time-varying system with multiple time delays described by 
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where L(t -6') = 0 for t < 6' and In addition, the initial value P(O,TI,TZ), 0 5 T I , TZ 5 h is as In this case, the central estimator i ( t : 8) is given by
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where i ( t , 6' ) is computed as and ~( s ) = 0 for s < 0, u0(s) = W ( S -6' ) and @(s) = uz(s -8).
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V. CONCLUSIONS
In this paper we have studied the H , estimation problem for linear time-varying systems with multiple delays. A necessary and sufficient condition for the existence of an estimator is obtained in terms of a partial differential equation with boundary conditions. The approach applied in this paper is the innovation analysis in Krein space.
Due to the duality of the control and filtering, we believe that the presented results can be extended to the H , control for time delay systems to give a necessary and sufficient
